File: jewa rev.tex 11/20/94 1 ABSTRACT A theoretical and numerical analysis of Liao's absorbing boundary condition (ABC) is presented. The form of the ABC is related to both space-time polynomial extrapolation and a one-way wave equation. A modi cation allowing the optimization of the ABC for speci c angles of incidence or wave speeds is discussed. The stability of the ABC is also discussed, and a technique is presented for enhancing stability. Numerical results are presented to demonstrate the stability and accuracy of the ABC.
I. INTRODUCTION
In this paper, we present a theoretical and numerical analysis of Liao's absorbing boundary condition (ABC) [1] [2] [3] [4] for the termination of nite-di erence time-domain computational grids. Liao's ABC has been used successfully by several researchers, for example in [5] [6] [7] . One advantage of Liao's ABC over some others is that, because of its form, it is easy to implement even near the corners of a computational grid. Here we o er some observations about the form of the ABC, and discuss some techniques for enhancing its stability and accuracy. First, the form of the ABC is examined, and related to both space-time polynomial extrapolation and a one-way wave equation. A modi cation allowing the ABC to be optimized for speci c angles of incidence or wave speeds, brie y introduced in 3], is discussed. Also, the stability of the ABC is examined in some detail. The present discussion of stability extends that in 4], and relates the stabilization scheme presented there to the introduction of a damping factor in the one-way wave equation. Numerical results are presented to demonstrate the stability and accuracy of the ABC.
II. DESCRIPTION OF BOUNDARY CONDITION
The use of the nite-di erence time-domain method is well known for the solution of the wave equation 
The scalar eld is computed on a rectangular nite-di erence grid with grid spacing 4s and time step 4t: (m4s; n4s; l4t) = l m;n . Using central di erencing in time and space, the wave equation is approximated as At the boundaries of the nite computational domain, an absorbing boundary condition may be used to simulate radiation in an unbounded space. Z t (x; y; t) = (x; y; t + 4t); (4) Z x (x; y; t) = (x + 4s; y; t); (5) A (x; y; t) = (T 11 + T 12 Z ?1 x + T 13 Z ?2 x ) (x; y; t) (x ? c4t; y; t): (6) The operators Z t and Z x are, respectively, forward time and space shifts. 
It is readily seen that Liao's boundary condition is an example of what Higdon 8] refers to as a \space-time extrapolation" boundary condition. Suppose that a plane wave is normally incident on the boundary at (x 0 ; y 0 ), from the left, with velocity c. Then (x; y 0 ; t) = f(x?ct), and (x 0 ; y 0 ; t 0 +4t) = f(x 0 ?ct 0 ?c4t) = (x 0 ? c4t; y 0 ; t 0 ). Thus, the behavior of the eld at (x 0 ; y 0 ; t 0 + 4t) may be extrapolated from knowledge of the eld at the space-time point (x 0 ? c4t; y 0 ; t 0 ). The operators A and Z ?1 t should cancel one another, rendering Equation (9) true. More generally, the incident wave may be composed of plane waves traveling at di erent angles to the x axis. Since a plane wave traveling with angle i to the x axis has apparent velocity c= cos i in the x direction, the total eld may be approximated as ( 1, 2] (11) Specializing to the case of uniformly spaced samples x j = j4; j = 1; 2; : : :; N, and evaluating at the point x = x 0 = 0, the above formula becomes (?1) j+1 C N j f j : (12) Applying this to the data f j = ( 
This may be seen by considering N = 1 in Equation (9):
Adding and subtracting Z ?1 t and multiplying both sides by Z t =4t yields (Z t ? 1) 4t + c (1 ? A) c4t (x; y; t) = 0:
This is a \forward Euler" approximation to one of the terms in Equation (13): the rst term represents a forward di erence approximation to @ @t , and the second represents a backward di erence approximation to @ @x (recall that A approximates a backward spatial shift of c4t).
Finally, we note that Liao's ABC may be optimized for the absorption of waves at incidence angles i , i = 1; 2; : : :; N, by modifying Equation (9) (6) and (7)). This modi cation was rst introduced in 3], and bears close resemblance to Higdon's ABC 10]. Both Higdon's ABC and the above boundary condition are consistent with the analytical absorbing boundary condition
In addition, both Higdon's and the modi ed Liao's boundary condition use only a one dimensional spatial stencil: they require only eld data on a straight line perpendicular to the absorbing boundary. This makes these boundary conditions easy to implement near the corners of a computational grid. The di erence between the two is in the nite-di erence approximation to Equation (17) . In addition to optimizing for speci c angles of incidence, the above boundary condition may be viewed as a dispersive boundary condition, useful for absorbing frequency dispersive waves such as those found in a waveguide 11, 12] .
III. REFLECTION COEFFICIENT
Here we nd the re ection coe cient of Liao's boundary condition for a discrete plane wave l m;n = e i(k x m4s+k y n4s?!l4t) : (18) The relationship between k x , k y , and ! is found by inserting the discrete plane wave above into the discrete wave equation (Equation (2) 
where R is the re ection coe cient for the boundary. The geometry is shown in Figure 1 . For purely oscillatory waves with k x , k y , and ! all real, the wave is rightgoing (both phase and group velocity greater than or equal to zero) if k x and ! have the same sign. When k x and ! have opposite signs, the wave is left-going. For such purely oscillatory waves, k xl = ?k xr .
To determine the re ection coe cient for the generalized Liao's boundary condition, apply the boundary operator of Equation (16) to the eld of Equation (20), and solve for R. Note that when the operators Z t , Z x , and A are applied to the discrete plane wave of Equation (18) Figure 2 shows the theoretical re ection coe cient for the original Liao's ABC for orders N = 3 and N = 5, the modi ed Liao's ABC for order N = 3 and optimization angles f 1 = 10 ; 2 = 30 ; 3 = 42 g, and the widely used second order Mur ABC 14] . The Liao re ection coe cients are calculated using Equation (23) and the discrete dispersion relation of Equation (19) , with discretization c4t=4s = 0:5 and !4t = 0:05. The Mur re ection coe cient is calculated in a similar manner, using the appropriate boundary operator from 14], and with the same discretization.
IV. STABILITY
The general theory of the stability of nite-di erence equations with absorbing boundaries is a rather complicated topic, and has been much discussed in the mathematical literature 8, 10, 13, 15, 16] . The fundamental result is the stability theory of Gustafsson, Kreiss, and Sundstr om 15], which gives the stability criterion for Liao's ABC as 10] 1 ? A(c i ; z xl ) z ?1 t 6 = 0 wheneverjz t j 1; for all k y 4s:
That is, the re ection coe cient R (Equation (23) 
From this form, it can be seen that, for xed z t and k y , there are two solutions for z x : z x1 and z x2 . Furthermore, from the symmetry of z x and z ?1 x above, the two solutions must be reciprocals of one another: z x2 = 1=z x1 .
Previously, we discussed the classi cation of the two solutions for z x as right-going and left-going waves, when jz x j = jz t j = 1. As discussed in 10], this classi cation may be extended to the case jz t j > 1 by choosing z xr and z xl such that jz xr j < 1 and jz xl j > 1. That is, when jz t j > 1, the waves decay in their direction of propagation.
Furthermore, z xr and z xl de ned in this manner smoothly approach the previous de nition of z xr and z xl (in terms of right-going and left-going solutions) as jz t j ! 1 and jz x j ! 1 10] . Also, when k y 6 = 0, there may be evanescent waves with jz t j = 1, jz xr j < 1, and jz xl j > 1. Thus, it is clear what is meant by z xr and z xl for all jz t j 1.
The reader is referred to the detailed discussion in 10] for more information. With this classi cation in mind, a physical interpretation of the stability condition above is that there should be no inward travelling waves which satisfy the boundary condition and the interior di erence equation, and which do not decay exponentially with time. That is, the nite-di erence scheme with boundary conditions should not allow numerical noise at the boundary to excite a spurious, growing solution, which radiates energy from the boundary into the interior of the computational grid. This interpretation is developed extensively by Trefethen 13, 16] .
If Equation (24) admits a solution with jz t j > 1 the numerical scheme is clearly unstable: there will be a spurious solution which grows exponentially with time, eventually swamping the desired solution to the wave equation. For the case where the poles of the re ection coe cient are located on the unit circle, the stability of the numerical scheme is marginal. Solutions to Equation (24) 
It is readily seen that there is a potential problem when k y 4s = 0 and z t = 1.
In this case, the dispersion relation has a double root: z xr = z xl = 1. Then the left-hand-side in Equation (26) becomes 1 ? T 11 ? T 12 ? T 13 , which is found to be zero upon inserting the de nitions for the interpolation coe cients T 1i given in Equation (7). Thus, the re ection coe cient R has a marginally stable pole at z t = 1 (i.e. at frequency ! = 0). Furthermore, if the interpolation coe cients T 1i are perturbed from their theoretical values by the limitations of machine precision, this pole may be shifted outside the unit circle, producing a catastrophic instability in the nite-di erence scheme. Such instability has been observed for single-precision calculations with Liao's ABC of order N = 3 4], and for double precision calculations with Liao's ABC of order N 5 (Section V). The e ects of perturbing the coe cients T 1i were investigated previously in 4]. There, such perturbations were considered as a means for stabilizing Liao's ABC when using single-precision arithmetic. It was found that adding small negative numbers d 1 , d 2 , and d 3 to T 11 , T 12 , and T 13 , respectively, stabilized the originally unstable single-precision ABC. This is consistent with Figures 3 and 4 , which show the e ects of perturbing T 11
by an amount d 1 = 0:025. These are plots of 1=jz t ? T 11 ? T 12 z ?1 xl ? T 13 z ?2 xl j, in the complex !-plane, with k y = 0. Since z t e ?i!4t , the region =m !] > 0 corresponds to jz t j > 1. In Figure 3 , the perturbation is d 1 = +0:025 and an unstable pole of R is clearly visible in the region =m !] > 0. In Figure 4 , it is seen that with d 1 = ?0:025, the pole is pushed safely out of =m !] > 0, or inside the unit circle on the complex z t -plane. This behavior is summarized in Figure 5 , which illustrates qualitatively the motion of the pole of R in the complex z t -plane, as the perturbation d 1 is varied. Similar behavior was observed for perturbations d 2 and d 3 : positive values push the pole outside the unit circle (unstable), and negative values push the pole inside the unit circle (stable).
It is interesting to note that a perturbation of T 11 is identical to a stabilization scheme suggested by Higdon 10 ], Betz and Mittra 12], and Fang 17] . The suggested remedy is the addition of a small damping term to the one way wave equation, modifying Equation (17) 
Examining Equation (15), it is seen that a perturbation of T 11 by an amount ? (i.e. d 1 = ? ) is equivalent to adding a positive damping term = =4t to the one way wave equation.
The damping e ect of may be explained as follows 12]. Suppose a wave f(x; y; t) satis es ( @ @t +c @ @x )f(x; y; t) = 0. Then a quick check shows that the function f(x; y; t)e ? t satis es ( @ @t + c @ @x + )f(x; y; t)e ? t = 0. So, if f(x; y; t) represents a marginally stable inward travelling solution to the interior nite-di erence equation and original boundary condition, the addition of small positive terms i as in Equation (27) forces the unwanted solution to decay exponentially, rendering the numerical model stable. This is equivalent to shifting the marginally stable poles of R inside the unit circle in the complex z t -plane. We note that this stabilization scheme applies to both single-and double-precision calculations: in either case, the e ect will be to shift the poles of R inside the unit circle.
As a guideline for choosing the value of , we note that Fang 17 ] uses a damping coe cient = 0:04c=4s, while Betz and Mittra 12] state that any value of between 0:05c=4s and 0:3c=4s yields reasonable results. This suggests that a good choice for would be in the range 0:04c4t=4s to 0:3c4t=4s. This is con rmed by the results of our numerical simulations.
V. NUMERICAL RESULTS
Here we present some numerical simulations to demonstrate the stability and accuracy of Liao's ABC. The simulations were carried out using a 2-D Yee algorithm for a TM (E z ) wave in free space excited by a line source J z . All computations were performed on a SPARC workstation in double-precision arithmetic. The computational grid for boundary condition tests was 50 cells on a side, with grid parameters , with time constant = 1:64 10 ?10 sec, and was located at the center of the grid. The absorbing boundary conditions were applied to E z on all four computational boundaries. To study the accuracy of the ABCs, a reference solution was also computed with the source at the center of a similar but larger grid (550 cells on a side), so any boundary re ections could be time gated out in a 50 cell by 50 cell square region around the source.
The stability of the third order Liao's ABC under perturbations of the interpolation coe cient T 11 is demonstrated in Figure 6 . Shown is the computed solution for the electric eld, at a receiver located ten grid points to the right of the line source. In the third order Liao's ABC, only one of the three T 11 's was perturbed; the other two were unchanged. The results are in agreement with the stability theory of Section IV: positive perturbations of T 11 render the boundary condition unstable, and negative perturbations enhance stability.
Also plotted in Figure 6 is the reference solution, which is seen to be in good agreement with the result obtained using the stabilized ABC. While the results here are computed using double-precision arithmetic, good results have also been demonstrated for single-precision calculations, using the stabilized third order ABC 4] . As an example of the application of the third order Liao's ABC to a practical problem, we note that this boundary condition was successfully used in 5] to model a subsurface interface radar.
The accuracy of the boundary condition is studied further by computing the norm of the error eld that is re ected back into the computational grid because of the imperfect absorbing boundaries. The error eld norm is de ned as 
where E l ref z m;n is the reference solution computed on a large grid. The rst ve cells near the boundary are not included in the error norm because the behavior of the eld near the boundary is not usually of paramount importance. The signi cant factor is how much energy propagates back into the interior of the simulation region, where receivers or near-to-far-eld transformation surfaces are located.
The error for the third and fth order Liao's ABC is shown in Figures 7 and 8 , respectively. Two versions of each boundary condition are included: one the original ABC, and one with perturbed values of T 11 . For each of the N factors in Liao's ABC (Equation (9)), T 11 was perturbed by an amount ? i , corresponding to a damping factor of i = + i =4t in Equation (27) . Note that the unperturbed fth order ABC was unstable, but was stabilized by the added damping terms. The perturbed results shown represent the best set of i 's found (by trial and error) for reducing the error norm and maintaining stability. For the third order boundary condition, the best result found was with f 1 = 2 = 0:0025; 3 = 0:025g. For the fth order boundary condition, the best result found was with f 1 = 2 = 0:0025; 3 = 4 = 5 = 0:025g.
The small perturbations 1 and 2 helped maintain late-time stability, and the other larger perturbations provided improved absorption, as seen in the gures. Note that the larger perturbations, = 0:025, correspond to = 0:05c4t=4s (since c4t=4s = 0:5 here). Thus, these results are in agreement with the guidelines for choosing discussed at the end of Section IV.
The best results obtained here were achieved with the stabilized fth order Liao's ABC. Attempts to nd a stable and accurate seventh order Liao's ABC were unsuccessful. This may be due to the fact that Liao's ABC is equivalent to polynomial extrapolation, and high order polynomial interpolation/extrapolation is often badly behaved 18].
We note brie y that for this numerical test case the use of the modi ed Liao's ABC of Equation (16), allowing the optimization of the ABC for speci c angles of incidence, had little e ect on the solution error. We attempted to decrease the norm of the re ected eld by distributing the nulls of the ABC in order to produce better wide-angle absorption. For example, we tried using the third order modi ed Liao's ABC with optimization angles f 1 = 10 ; 2 = 30 ; 3 = 42 g. The theoretical re ection coe cient of this ABC is shown in Figure 2 . However, using this ABC, as well as other sets of optimization angles (chosen by trial and error), did not signi cantly decrease the solution error when compared with the original Liao's ABC. This is consistent with the ndings of 19], where it was observed that the optimization angles used in Higdon's ABC had little e ect on performance when the absorbing boundary was in the near eld of the source. In our test case, the boundaries are 25cm from the source, corresponding to 0.4 wavelengths at the center frequency of the source pulse (f c = 1=4 = 485:2MHz; c = c=f c = 62cm), making this a near-eld boundary. It is expected that the modi ed ABC may still be useful as a dispersive boundary condition for waveguide termination, or for far-eld absorption.
VI. CONCLUSIONS
In this paper, we have presented a theoretical and numerical analysis of Liao's absorbing boundary condition. We have made the following observations: (1) The original Liao's ABC of order N (Equation (9)) is equivalent to space-time extrapolation with a polynomial of degree (N ? 1).
(2) The generalized Liao's ABC of order N (Equation (16) 
with i = 0. The generalized ABC may be optimized for the absorption of waves at speci c angles of incidence, i , or speci c velocities. This ABC is very similar to Higdon's, the di erence being in the nite di erence approximation to Equation (29) . At the present time, we have not carried out a direct comparison of the accuracy and stability of Liao's and Higdon's ABCs. This would make an interesting topic for future work. (3) The stability of the ABC depends on the locations in the complex z t -plane (z t e ?i!4t ) of the poles of the re ection coe cient R. The original ABC is marginally stable, with a pole on the unit circle in the z t -plane. The boundary condition may be stabilized by adding damping terms i as in Equation (29). This may be achieved in practice by perturbing the interpolation coe cient T 11 by an amount ? , producing a damping factor = =4t. This shifts the marginally stable pole of the re ection coe cient inside the unit circle, stabilizing the ABC. (4) Use of damping factors i both stabilizes the ABC and improves the numerical performance. The best numerical results obtained here were achieved using a stabilized fth order Liao's ABC. Attempts to produce a stable and accurate seventh order ABC were unsuccessful. 
